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CHAPTER 2 FIRST-ORDER DIFFERENTIAL EQUATIONS

dy = u dx + x du, so after substituting, the given equation becomes

%+ PP dx + (2 — ux®[udx + xdu] =0

X1 +wdx+x*Q1 —udu=0

1 - d
“ du + @ _ 0
1+u X
-1+ du + d—x = (). < long division
1 u X

After integration the last line gives

—u+ 2In|1 + u| + In|x| = In|c|

—“X—i- 21n
X

1+ X‘ + In|x| = In|c|. < resubstituting u = y/x
X

Using the properties of logarithms, we can write the preceding solution as

(x+y?
CcX

In 2

Although either of the indicated substitutions can be used for every homoge-
neous differential equation, in practice we try x = vy whenever the function M(x, y)
is simpler than N(x, y). Also it could happen that after using one substitution, we may
encounter integrals that are difficult or impossible to evaluate in closed form; switch-

ing substitutions may result in an easier problem.

BERNOULLI'S EQUATION The differential equation

2+ Peoy = Sy
d\' X)) JYS,

where 7 is any real number, is called Bernoulli’s equation. Note that for » = 0 and

== or (x + )% = cxe™.
x

n = 1, equation (4) is linear. For n # 0 and n # 1 the substitution z = y

any equation of form (4) to a linear equation.

I EXAMPLE 2 Solving a Bernoulli DE

d
Solve x 2 + y = x2y%
dx

SOLUTION  We first rewrite the equation as

by dividing by x. Withn =2 wehaveu =y 'ory = u~

dy _dydu_ _ _du
dx dudx " dx

into the given equation and simplify. The result is

du 1
— ——u=—x
X

dx

I We then substitute

<— Chain Rule



N J

FIGURE 2.5.1 Some solutions of
Y=+ -7
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The integrating factor for this linear equation on, say, (0, ®) is

e—fdx/x = ¢ Inx = eln)c’1 =y L
. d _1
Integrating —[x u]l = —1
dx
gives x lu=—x+coru= —x%+ cx. Since u = y_l, we have y = 1/u, so a solu-
tion of the given equationis y = 1/(—x> + cx). |

Note that we have not obtained the general solution of the original nonlinear dif-
ferential equation in Example 2, since y = 0 is a singular solution of the equation.

REDUCTION TO SEPARATION OF VARIABLES A differential equation of the

form

dy .
E = f(Ax + By + O) 5)

can always be reduced to an equation with separable variables by means of the sub-
stitution u = Ax + By + C, B # 0. Example 3 illustrates the technique.

I EXAMPLE 3 An Initial-Value Problem

d
Solve 2 = (=2x + y)2 =7, y(0) = 0.

dx
SOLUTION If we let u = —2x + y, then du/dx = —2 + dy/dx, so the differential
equation is transformed into

d d
£+2=u2—7 or d—z=u2—9.

The last equation is separable. Using partial fractions

du 1 1 1
—=d — — du = d
w-3Hu+3 & = 6[u—3 u+3]” *
and then integrating yields
1 u—3 u—3 . <« replace 5 by
gln o 3‘ =x+ Cl or e _ €6x+6°‘ _ C€6x. replace ¢* by ¢

Solving the last equation for u and then resubstituting gives the solution

3(1 + ce®) 331 + ce®)
= T e or y=2x+ -
1 — ce® 1 — ce®™

(6)

Finally, applying the initial condition y(0) = O to the last equation in (6) gives

¢ = —1. Figure 2.5.1, obtained with the aid of a graphing utility, shows the graph of

3 1 — ,0x

(1+7¢m) in dark blue, along with the graphs of
e

some other members of the family of solutions (6). |

the particular solution y = 2x +
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EXERCISES 2.5

Answers to selected odd-numbered problems begin on page ANS-2.

Each DE in Problems I —14 is homogeneous.
In Problems 1-10 solve the given differential equation by

using an appropriate substitution.

. x—ydx+xdy=0 2. (x+ty)dx+xdy=0

3.xdx+(y—2x)dy=0 4. ydx =2(x + y) dy
5. (> +yx)dx —x*dy =0

6. (V> +yx)dx+x>dy=0

g D _y X

dx y+x

sﬂ_x—l—?ﬁy

dx 3x+y

9. —ydx+ (x + Vay)dy =0

d
10.xd—y=y+ Vx2—y, x>0
X

In Problems 11-14 solve the given initial-value problem.

dy

11. xyz— =y —x, y)=2
X

d
12 (2 +2y) " = xy, y(—1) =1

dy
13. (x + ye?™) dx — xe?*dy =0, y(1) =0
14. ydx + x(Inx —Iny — 1)dy =0, y()=e

Each DE in Problems 15-22 is a Bernoulli equation.

In Problems 15-20 solve the given differential equation by
using an appropriate substitution.

d 1 d
15 x4y =5 16. L -y =y

dx y dx
d d
17. £ = yxy’ —1) 18, 2 (1 +x)y=xy
dx dx

d
19. 1,‘2—y-i-y2 =ty

dy
20. 3(1 + A — =21y(y* — 1
I ( )dt y(y )

In Problems 21 and 22 solve the given initial-value problem.

d
21. xzd_i]c —2xy =3y, y(1) = %

dy
22. y”za +y2 =1, y0) =4

Each DE in Problems 23 -30 is of the form given in (5).

In Problems 2328 solve the given differential equation by
using an appropriate substitution.

dy dy 1—x-—y
23, —=(x+y+ 1)? 24, — = —"-—=
dx ety ) dx x+y

d d
25. 2 = tan2(x + y) 26. 2 = sin(x + y)
dx dx
dy dy —x+5
27. - =2+ Vy—2xk3 WS = 1+
X X

In Problems 29 and 30 solve the given initial-value problem.
d
29. d_y =cos(x +y), y(0) = w/4
X

dy  3x+72y

30- - >
dx 3x+2y+2

(=1 =1

Discussion Problems

31. Explain why it is always possible to express any homoge-
neous differential equation M(x, y) dx + N(x,y) dy = 0in

the form
()
—=F|=
dx X

You might start by proving that

M(x,y) = x*M(1, y/x) and N(x,y) = x*N(1, y/x).

32. Put the homogeneous differential equation
(5x> = 2y*)dx —xydy =0

into the form given in Problem 31.

33. (a) Determine two singular solutions of the DE in
Problem 10.

(b) If the initial condition y(5) = 0 is as prescribed in
Problem 10, then what is the largest interval / over
which the solution is defined? Use a graphing util-
ity to graph the solution curve for the IVP.

34. In Example 3 the solution y(x) becomes unbounded as
x — *oo, Nevertheless, y(x) is asymptotic to a curve as
x— — and to a different curve as x — o. What are the
equations of these curves?

35. The differential equation dy/dx = P(x) + Q(x)y + R(x)y?
is known as Riccati’s equation.

(a) A Riccati equation can be solved by a succession
of two substitutions provided that we know a



